We first derive the energy dispersion of bilayer MoS 2 in the presence of a perpendicular electric field E z . We show that the band gap and layer splitting can be controlled by the field E z . Away from the k point, the intrinsic SOC splitting increases in the conduction band but is weakly affected in the valence band. We then analyze the band structure in the presence of a perpendicular magnetic field B and the field E z , including spin and valley Zeeman terms, and evaluate the Hall and longitudinal conductivities. We discuss the numerical results as functions of the fields B and E z for finite temperatures. The field B gives rise to a significant spin splitting in the conduction band, to a beating in the Shubnikov-de Haas (SdH) oscillations when it's weak, and to their splitting when it's strong. The Zeeman terms and E z suppress the beating and change the positions of the beating nodes of the SdH oscillations at low B fields and enhance their splitting at high B fields. Similar beating patterns are observed in the spin and valley polarizations at low B fields. Interestingly, a 90% spin polarization and a 100% square-wave-shaped valley polarization are observed at high B fields. The Hall-plateau sequence depends on E z . These findings may be pertinent to future spintronic and valleytronic devices.
I. INTRODUCTION
the results with those on bilayer graphene. Concluding remarks follow in Sec. IV.
II. FORMULATION AND ELECTRONIC SPECTRUM
The one-electron Hamiltonian of bilayer MoS 2 near the K and K ′ valleys 17, 18, 36, 37 reads
Here, τ = 1(−1) is for K (K ′ ) valley, π τ ± = τ π x ± iπ y , ξ 
The subscript µ = (µ 1 , µ 2 ) is used to denote the positive and negative energies of the upper layer, by µ 1 = ±1, and of the lower layer by µ 2 = ±1. The factor ε s,τ µ (k) ≡ ε in Eq. (2) is the solution of the fourth-degree equation
where k ≡ k y is the wave vector, ε = E/ℏv F , λ ′ = λ/ℏv F , κ ′ = κ/ℏv F , γ ′ = γ/ℏv F , and α ′ = α/ℏv F . In the combined limit λ ′ → 0, κ ′ → 0, α ′ → 0, we obtain the energy dispersion for bilayer graphene 44 .
In the upper panels of Fig. 1 we plot the energy dispersion of bilayer MoS 2 for field E z = 0 (V = 0 meV) at both valleys. We remark the following: (i) The splitting due to the SOC is zero in the conduction and valence bands even in the presence of SOC [14] [15] [16] [17] [18] 36, 37 .
(ii) The splitting due to interlayer hopping is zero in the conduction band but finite in the valence band [14] [15] [16] [17] [18] 36, 37 . Further, the splitting in the valence band is a combined effect of For a finite field E z (V = 15 meV) we plot the energy spectrum in the lower panels of Fig. 1 . We remark the following: (i) The SOC splitting is modified by the field E z . We also note that the spin splitting in the conduction band due to the SOC is negligible for the parameters and scale used. On the other hand, the valence band completely dictates the lifting of the spin degeneracy.
(ii) An interlayer splitting is obtained in both the conduction and valence bands. Analytically we obtain the gaps 2V λ/[λ 2 + γ 2 ] 1/2 , for V ≪ λ, and 2V at the valence and conduction band edges, respectively. (iii) The band gap is also reduced by
The spin and layer splittings increase with the field E z 15,16,48 or energy V , which can be seen in Fig. (2) . So far we assumed that the band edges are at the K point of the Brilloiun zone but this may not be the case neither for the valence band nor for the conduction band. In fact, there are arguments that our assumption holds 3, 17, 18, 45, 46 but DFT calculations and a recent ARPES measurement 47 indicate that the valence band edge is shifted to the Γ point.
A. Landau levels
In the presence of a magnetic field B perpendicular to the layers we replace π by −iℏ∇+A in Eq.
(1) and take the vector potential A in the Landau gauge A = (0, Bx, 0). After diagonalizing Eq. (1) the LL spectrum is obtained as
where ω c = v F 2eB/ℏ is the cyclotron frequency. The subscript µ = (µ 1 , µ 2 ) is used to denote the positive and negative energies in the upper (µ 1 = ±1) and lower (µ 2 = ±1)
layers. For n ≥ 1 the factor ε s,τ n,µ ≡ ε is the solution of the fourth-order equation
where t = γ/ℏω c , d
and α τ = ∆ − τ V are dimensionless parameters. The eigenfunctions are
The coefficients are given by Θ
n,µ , and Υ
and k
. Therefore, the wave function of bilayer MoS 2 is a mixture of Landau wave functions with indices n − 1, n, and n + 1.
In Eq. (6) the index n can take the values: n = −1, 0, 1, ...... If n or n ± 1 is negative the function φ n or φ n±1 is identically zero, i.e., φ −2 ≡ 0 and φ −1 ≡ 0. In addition, there are two special LLs of bilayer MoS 2 . For n = −1 and n = 0, Eq. (1) takes, respectively, the forms
and The factor ε corresponding to Eq. (9) is given by the roots of the cubic equation
The corresponding eigenstates take the form
Note that Eqs. (10) give only three roots while µ provides four labels. We reserve the labels µ = (+, +) for the fourth root and denote by ε (1,+-,↓) (1,+-,↑)
(1,++,↑); (1,++,↓) (2,+-,↓) (2,+-,↑) (2,++,↑);(2,++,↓) (12), we obtain the well-known eigenvalues for monolayer
(ii) For ∆ = λ = V = M z = M v = 0, we obtain the LL spectrum of bilayer graphene [23] [24] [25] ,
This equation can be further simplified by expanding the internal square root in the limit n ≪ t 2 . Moreover, by taking the negative sign, the solution is
This spectrum is similar to that of Refs. 23 and 25 obtained by means of a 2×2 Hamiltonian. behaviour of LLs is due to the presence of the M v = 0 term. We also notice that the splitting is unobservable between other LLs e.g. E valence band. Moreover, the valley degeneracy of the n = −1 level is lifted while its spin degeneracy in the conduction band is not. Interestingly, the spin splitting energy between adjacent LLs is also enhanced due to the finite field E z . For example, for n = 10 its value is with t = 0, we obtain that these degeneracies, at specific energies and fields, are embodied in the relation
Here n 1 and n 2 indices label the LLs in the lower and upper layers, respectively. For
we obtain a relation similar to that in unbiased bilayer graphene 23 .
Also, though not shown, for V = 0 the LL spacing is not uniform in the conduction band whereas it is in the valence band and the spectra are similar to those in Fig. 4 .
The Fermi energy E F , at constant electron concentration n e , is obtained from the relation
where To better appreciate the difference between zero and finite Zeeman fields we redraw, For zero Zeeman terms, the small intra-LL jumps indicate the presence of splitting due to SOC which is strengthened by the inter-layer coupling energy as seen in the left panel of In Fig. 7 we replot the spectrum for
meV. We can see that the n ≥ 0 levels are spin non-degenerate and valley degenerate for M z = M v = 0 whereas they are spin and valley non-degenerate for M z = M v = 0. On the other hand, the level for n = −1 is spin degenerate and valley non-degenerate in the absence of the Zeeman fields while its spin and valley degeneracies are lifted in their presence. For zero Zeeman fields (Fig. 7, left panel) , the additional intra LL small jumps in the E F curve are due to the spin and inter-layer splittings which are modified by the electric field E z .
However, the spin and valley non-degeneracies in the presence of the Zeeman fields lead to additional intra-LL small jumps in E F as can be seen in the right panel of Fig. 7 .
In Fig. 8 we show E F as a function of the magnetic field for V = 0 meV and V = 15
meV. E F shows not only the beating phenomenon at low fields B ≤ 13 T but also dictates the giant splitting of the LLs at higher fields under the combined effect of spin and Zeeman terms as seen in the upper panels of Fig. 8 . In the lower panels of Fig. 8 another worth noticing feature is the beating of the oscillations for B fields up to about 8 T with a giant splitting of the LLs at higher fields due the field E z and the spin and valley Zeeman fields.
In Fig. 9 we plot the dimensionless DOS versus the field B in the conduction band for two different values of E z . We observe a beating pattern at low fields B and a splitting at higher fields in the SdH oscillations. The former and latter characteristics are due to the splitting of the LLs by the combined effect of the SOC, interlayer coupling and Zeeman terms, and the layer splitting modified by the field E z as seen by contrasting the curves of the upper and lower panels. One noteworthy feature is that the Zeeman fields and layer splitting suppress the amplitude of the beating at low B fields and enhance the oscillation amplitude at higher B fields. At higher B fields, the maximum SdH oscillation amplitude in the presence of the field E z occurs due to the LL degeneracy which arises from the level crossings of the two layers. The inter-layer splitting and Zeeman effect change the position and number of the beating nodes as compared to monolayer MoS 2 12 . We notice that in the conduction band the beating of the oscillations is observed in the range 0 ≤ B ≤ 13
T, for V = 0 meV, and in the range 0 ≤ B ≤ 8 T for V = 15 meV. Above these ranges the beating pattern is replaced by a split in the SdH oscillations. The particular beating oscillation pattern occurs when the level broadening is of the order of the cyclotron energy ℏω c and is replaced by the split when the SOC becomes weak at larger fields B.
III. CONDUCTIVITIES A. Hall conductivity
We use the linear-response theory as formulated in Ref. 35 . If one uses the identity 
with |ζ = |n, µ, s, τ, k y and ζ| v x |ζ ′ and ζ ′ | v y |ζ the off-diagonal matrix elements of the velocity operator. They are evaluated with the help of the corresponding operators v x = ∂H/∂p x and v y = ∂H/∂p y , and are given in terms of the Pauli matrices σ υ 
where µ = {µ 1 , µ 2 }. Using Eqs. (18), (20) , and (21) we obtain
The second term in Eq. (22) is valid only for n ≥ 2 while the first term is valid for n ≥ 1. This is so because the sum over n is split in two parts, one for n ≥ 1 and one for n = 0.
Replacing n − 1 with n in the second term and combining it with the first term, the sum over n starts at n = 1 for both the terms. The n = 0 contribution to the Hall conductivity Eq. (22) is evaluated separately using the eigenstates (11) . The result is given by Eq.
(A5) in Appendix A. Furthermore, for the n ≥ 1 LLs occupied, at T = 0, the n = 0 LL contribution to the Hall conductivity vanishes because all Fermi factors are equal to 1. In the limit V = ∆ = λ = 0, Eq. (22) reduces to similar ones for bilayer graphene 24, 25 . Figure 10 shows the Hall conductivity as a function of the field B for V = 0 meV. We found that the height of the steps is not constant: there are two different heights: 2 e 2 /h and 4 e 2 /h see Fig. 10 , black curve, in the absence of the spin and valley Zeeman terms.
However, additional new heights 2 e 2 /h, 3 e 2 /h and 4 e 2 /h emerge in the sequence ladder in their presence as the red curve shows. These differences result from vanishing spin splittings as discussed in detail below Eq. (15) . Further, the plateaux in bilayer MoS 2 have different origin than those in bilayer graphene: the former are due to the strong SOC whereas the later result from strong interlayer coupling 24, 25 . A noteworthy feature of bilayer MoS 2 is that the influence of SOC and interlayer coupling is enhanced with increasing LL index and leads to new Hall plateaux as is evident from both panels of Fig. 10 . In contrast to monolayer MoS 2 12 , the plateaux in bilayer MoS 2 occur at higher magnetic fields.
We plot the Hall conductivity versus the field B in Fig. 11 for electric field energy V = 15 meV. For M z = M v = 0 (black curve of Fig. 11 ), the plateaux appear at 0, 2, 4, ......(e 2 /h).
It is noted that new plateaux like four step size multiples of e 2 /h as seen in left and right panels of Fig. 11 (black curve) emerge at higher LLs due to level crossings caused by the 
B. Collisional conductivity
We assume that the electrons are elastically scattered by randomly distributed charged impurities. This type of scattering is dominant at low temperatures. If there is no spin degeneracy, the collisional conductivity is given by
Here f (E ζ ) is the Fermi-Dirac function, β = 1/k B T , k B is the Boltzmann constant, and E F the chemical potential. W ζζ ′ is the transition rate between the one-electron states |ζ and |ζ ′ and e the electron's charge. Conduction occurs by hopping between spatially separated states centered at x ζ and x ζ ′ , x ζ = ζ| x |ζ . The rate W ζζ ′ in Eq. (25) is given by
with q 2 = q 2 x + q 2 y and N I the impurity density. For an impurity at the origin the screened potential is given by U(r) = e 2 e −ksr /εr and its Fourier transform
1/2 with U 0 = 2πe 2 /ε and k s the screening wave vector. Further, if the impurity potential is short ranged, of the Dirac δ-function type, one may use the approximation k s >> q and obtain 
with u = l 2 B q 2 /2 and L n (u) the associated Laguerre polynomials. Inserting all form factors in Eq. (25) and evaluating the integral over u in cylindrical coordinates gives
where The longitudinal conductivity σ xx , given by Eq. (28), is shown in Fig. 12 as a function of the field B for E z = 0 (upper panels) and E z finite (lower panels). In contrast to bilayer graphene, Fig. 12 shows a beating pattern of the SdH oscillations for B fields up to 9 T when E z is absent (V = 0) and for B fields up to 7 T when a finite 
n,µ ) at very low temperatures in Eq. (28), broadening the delta function, and carrying out the procedure followed in Ref. 12 .
The spin P s and valley P v polarization, which are extracted from Eq. (28), are
and
We plot the spin P s (black solid curve) and P v (red dotted curve) polarization versus magnetic field at T = 1 K, V = 0 meV and finite Zeeman fields in Fig. 13 . As expected and can be seen, here too we have a beating pattern at low magnetic fields and well-resolved separation between both P s and P v at higher magnetic fields. The fact is that strong magnetic fields give rise to larger splittings of the LLs. In contrast to monolayer MoS 2 12 , we find 100% valley polarization above B > 13 T whereas we attain 90% spin polarization above B > 20 T. Notice also the square-wave character of P v above B > 13 T. However, for
, there is no P s and P v as shown by the blue curve.
Finally, we evaluate the magnetoresistivity ρ µν using the conductivity tensor via the wellknown relations ρ xx = σ xx /S and ρ xy = σ xy /S with S = σ xx σ yy − σ xy σ yx ≈ n Also, we note that well-resolved plateaux occur at relatively higher B than in monolayer MoS 2 12 . We expect that these results will be verified by experiments.
IV. CONCLUSIONS
We studied quantum magnetotransport in bilayer MoS 2 in the presence of perpendicular electric (E z ) and magnetic (B) fields. At B = 0 we showed that there is no spin splitting for zero field E z in both the conduction and valence bands whereas there is one for finite field E z . Further, for E z = 0 we demonstrated that the conduction band is still spin degenerate while the spin degeneracy in the valence band is fully lifted (see Fig. 1 ). We showed though that the layer splitting and band gap can be controlled by the field E z . The spin degeneracy of the levels, for E z = 0, in the conduction band, is lifted for B = 0 and is also enhanced linearly with B (see text after Eq. (15)). Furthermore, a finite field E z leads to a significant enhancement of the spin splitting energy in the adjacent LLs of the conduction band. For V = 0 meV (V = 15 meV) and B ≤ 13 T (B ≤ 8 T), the Fermi energy E F and DOS show a beating pattern which is replaced by a split of the SdH oscillations above B > 13 T (B > 8 T). Moreover, we showed that the combined action of spin and valley Zeeman fields and inter-layer splitting allow for intra-LL transitions and lead to new quantum Hall plateaux.
The field E z modifies the layer splitting. As a result, steps of various heights, in multiples of e 2 /h (Fig. 11) , occur in the Hall conductivity. Furthermore, for V = 0 meV (V = 15 meV) and B > 9 T (B > 7 T) the number of peaks in the longitudinal conductivity is doubled whereas for fields B < 9 T (B < 7 T) a beating pattern occurs similar to monolayer MoS 2 12 and the conventional 2DEG 51 .
Beating patterns, at low B fields, and splittings, at strong B fields, also occur in the we hope will be tested by experiments, indicate that bilayer MoS 2 is a promising alternative to bilayer graphene in the quest for gapped Dirac materials. We expect further applications of bilayer MoS 2 in the field of valleytronics and spintronics.
Using these expressions the Hall conductivity takes the form The form factors for n = 0 and n = −1, with n ′ = n, s = s ′ , and µ = µ ′ , are given by
The collisional conductivity is 
